SCALAR CURVATURE RIGIDITY OF GEODESIC BALLS 

IN S n 
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^~v Abstract. In this paper, we prove a scalar curvature rigidity result 

for geodesic balls in S n . This result contrasts sharply with the recent 
counterexamples to Min-Oo's conjecture for the hemisphere (cf. [5])- 
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1. Introduction 



In this paper, we study rigidity phenomena involving the scalar curvature. 
These questions are motivated to a large extent by the positive mass theorem 
in general relativity, which was proved by Schoen and Yau [17] and Witten 
[18j . An important corollary of this theorem is that any Riemannian metric 
on W 1 which has nonnegative scalar curvature and agrees with the Euclidean 
metric outside a compact set is necessarily flat. 

It was observed by Miao [14] that the positive mass theorem implies the 
following rigidity result for metrics on the unit ball: 

Theorem 1. Suppose that g is a Riemannian metric on the unit ball B n C 
W 1 with the following properties: 

• The scalar curvature of g is nonnegative. 

^) ■ • The induced metric on the boundary dB n agrees with the standard 

O ! metric on dB n . 

• The mean curvature of dB n with respect to g is at least n — 1 . 
Then g is isometric to the standard metric on B n . 

rS ! An important generalization of Theorem Q] was proved by Shi and Tarn 

&■ EEL 



Motivated by the positive mass theorem, Min-Oo |15j posed the following 
question: 

Min-Oo's Conjecture. Suppose that g is a Riemannian metric on the 
hemisphere 5™ with the following properties: 

• The scalar curvature of g is at least n{n — 1). 

• The induced metric on the boundary dS 1 ^ agrees with the standard 
metric on dS+. 

• The boundary dSl is totally geodesic with respect to g. 
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2 S. BRENDLE AND F.C. MARQUES 

Then g is isometric to the standard metric on S 1 ". 

Min-Oo's conjecture has been verified in many special cases (see e.g. [9], 
|llj . |12j). A related rigidity result for real projective space RIP was estab- 
lished in [3]. 

Very recently, counterexamples to Min-Oo's conjecture were constructed 
in [5]. 

Theorem 2 (S. Brendle, F.C. Marques, A. Neves [5]). Given any integer 
n > 3, there exists a smooth Riemannian metric g on the hemisphere S 7 } 
with the following properties: 

• The scalar curvature of g is at least n(n — 1) at each point on <S+. 

• The scalar curvature of g is strictly greater than n(n — 1) at some 
point on 5V. 

• The metric g agrees with the standard metric in a neighborhood of 
dS'l. 

The proof of Theorem [2] relies on a perturbation analysis. 

In this paper, we study the analogous rigidity question for geodesic balls 
in S n of radius less than ^. To fix notation, let g be the standard metric 
on S n and let / : S n — > R denotes the restriction of the coordinate function 
x n+ i to S n . We will consider a domain of the form £1 = {/ > c}. If 
c > , , we have the following rigidity result: 



Theorem 3. Consider the domain Q, = { f > c\, where c > — ?==. Let q be 

a Riemannian metric on 0, with the following properties: 

• R g > n{n — 1) at each point in Q. 

• H g > Hg at each point on d£l. 

• The metrics g and ~g induce the same metric on d£l. 

If g — g is sufficiently small in the C 2 -norm, then <p*(g) = g for some 
diffeomorphism tp : fl — » SI with (p\dn = id. 

We remark that the conclusion of Theorem holds under the weaker 
assumption that g is close to g in W 2,p -norm for p > n. 

Note that Theorem [3] is false for the hemisphere {/ > 0}: by Theorem 4 
in [5], there exist Riemannian metrics on the hemisphere which satisfy the 
assumptions of Theorem [3] and are arbitrary close to the standard metric ~g 
in the C°°-topology, but which are not isometric to g. 

The proof of Theorem [3] relies on a perturbation analysis which is similar 
in spirit to Bartnik's work on the positive mass theorem (cf. [T], Section 
5). Similar techniques have been employed in the study of the total scalar 
curvature functional (see e.g. [2], Section 4G) and the Yamabe flow (cf. 
[4J). Dai, Wang, and Wei [6],[7j have obtained interesting stability results 
for manifolds with parallel spinors, as well as for Kahler-Einstein manifolds. 
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2. The scalar curvature and boundary mean curvature of a 

perturbed metric 

In this section, we consider a smooth manifold £1 with boundary dfl. 
Let g be a fixed Riemannian metric on S7. Moreover, we consider another 
Riemannian metric g = g + h, where \h\g < \ at each point in U. For 
abbreviation, we write (h 2 )i k = g-' hij h k \. 

Proposition 4. The scalar curvature of g satisfies the pointwise estimate 
R g - Rg + (RiCg, h) - (RiCg, h 2 } 

+ ~ f j t l ^ q D t h kp Djh lq - \ t' 9 M g pq Dih kp Dih jq 

+ - A g pq d p (tr g(h)) d q (trg(h)) + Di (g ik g jl (p k hfl - D t h jk ] 

<C\h\\Dh\ 2 + C\h\ 3 . 

Here, D denotes the Levi-Civita connection with respect to g, and C is a 
positive constant which depends only on n. 

Proof. The Levi-Civita connection with respect to g is given by 

D X Y = D X Y + T{X,Y), 

where T is defined by 

g(r(X,Y),Z) = l - ((D x h)(Y,Z) + (D Y h)(X,Z) - (D z h)(X,Y)). 

In local coordinates, the tensor T can be written in the form 

1 

2 
With this understood, the scalar curvature of g is given by 

R g = g* k (Ricg) lk + g* k / g pq I* I* fc - tf k g* g pq I* I* 

-^^(Plihji-D^hjH) 

(cf. [5], Proposition 16). This implies 



rf fc = ^ 9 lm (Djh M + D k h 3 i - D L h jk ) 



2\ 



R g — Rg + (RiCg, /i) — (Ricj, /i 

- \g ij 9 kl 9 Pq DihkpDjhig + ^g kl gP q Dih kp Dih jq 

+ l -g^d p {t^{h))d q {tlg(h)) -fr Dih jp d q (tTg(h)) 

+ r 9 U g Pq D t h jp D k h lg + g lk / (B^hji - D^hjk) 

< ClhWDhf + Clhl 3 . 
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Hence, we obtain 

R g - Rg + (RiCg, h) - (RiCg, h 2 ) 

+ \ 9 ij 9 M 9 m D t h kp D 3 h lq - l - tfi g kl 9 Pq Dih kp D t h 

+ - A r q d p (\xg(h)) d q (tvg(h)) + A (g lk g jl (D k h jt - D t h jk : 

<C\h\\Dh\ 2 + C\h\ 3 , 
as claimed. 



:)<1 



In the next step, we estimate the mean curvature of the boundary dQ with 
respect to the metric g. To that end, we assume that g and g induce the same 
metric on the boundary d£l; in other words, we assume that h(X, Y) = 
whenever X and Y are tangent vectors to <9f2. 

Proposition 5. Assume that g and g induce the same metric on the bound- 
ary 80, . Then the mean curvature of dfl with respect to g satisfies 



2 (H g - Hg) - (h(p,V) - - h{u,V) 2 + Y, Ke a ,V) 2 ) H-, 

a=l 
_. n— 1 

+ (1 --h(p,V)) Y, (2(D ea h)(e a ,V) - (D v h){e a ,e a )) 



a=l 

2 ITT;, i /~i\u\3 



< C \h\ 2 \Dh\ + C \h[ : 

Here, {e a : 1 < a < n — 1} is a local orthonormal frame on dd, and C is a 
positive constant that depends only on n. 



Proof. Using the identity 

n— 1 



n-1 



H 9 V ~ H 9 V = ~Yj( De o ea ~ D ^ e a) = -^r(e ,e ), 



a=l 



a=l 



we obtain 

2{H g g[y,V)-Hgg{p,V)) 



n—l 



n—l 



-2 Y,9(ne a ,e a ),V) = -^ (2(D ea h)(e a ,u) - {D w h)(e a ,e a )). 



a=l 



a=l 



Clearly, g{u,v) = 1 + h(y,v). Moreover, it is easy to see that the vector 
V — Y2a=i h(e a ,V) e a is orthogonal to dfl with respect to g. From this, we 
deduce that 



n—l 



o=l 



n—l 



Y /i ( e «' v ) e « = ( l + /i ( i/ ' v ) ~ Yl /i ( e «> v ) 2 ) v 



a=\ 
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hence 



(71,-1 
l + h(p,V) - ^2h(e a ,u 
a=l 



Substituting these identities into the previous formula for H g , the assertion 
follows. 



3. Perturbations of the standard metric on S n 

We now consider perturbations of the standard metric g on S n . To fix 
notation, let / : S n — > R denote the restriction of the coordinate function 
x n+ \ to S n , and let $7 = {/ > c} be a geodesic ball centered at the north 
pole. Here, c is a positive real number which will be specified later. 

Let g be a Riemannian metric on £1. We will assume throughout that g 
and g induce the same metric on the boundary dtt. Moreover, we assume 
that g = g + h, where \h\g < I at each point in O. 

Our goal in this section is to estimate the integral 

[ (R g - n(n - 1)) f dvolj 



(see also [TO]). 
Proposition 6. We have 



[ ( Rg _ n ( n _ 1) _ ( n _ 1) 1^(2) f dvQl _ + \ J \ Dh \2 f dYQl _ 

Ju 4 Jn 

+ 7 I N(trg(h))\ 2 fdvolg-l [&>&*&« DihkpDthjqfdvolg 

4 Jn l Jn 

+ I 9 th 9 jp 9 lq h pq (Dkhji - Dih jh ) dj dvolg 

Jn 

+ / g w t q g jl h pq (p k h fl - Dih jk ) dif dvolg 
Jn 

+ / g jl (D k hji - D^) V k f da w 
Jan 

- i g jp i q h pq (D k h 3l - Dthjk) V k f daj 
Jan 

- f t q V jl h pq (Dkhji - D x h dk ) V? f dag 
Jan 

<C [ \h\\Dh\ 2 dvolg + C [ \h\ 3 dvolg + C I \h\ 2 \Dh\ dag, 
Jn ' Jn Jan 

where C is a positive constant that depends only on n and c. 
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Proof. Using Proposition H] and the divergence theorem, we obtain 



(Rg - n(n - 1) + (n - 1) tr^/i) - (n - 1) \h\j) f dvolj 

\ I \Dh\ 2 f dvolg - \ [ fi g kl g pq Dih kp D t h jq f dvolg 
4 Jn l Jn 



~ [ | V(tTg(h))\ 2 f dvolg - [ g ik g> 1 (D k h jt - D t h jk ) d t f dvolg 
4 Jn Jn 



+ / g ik gi l {Dkhjt - D t h jk ) g im v m f da-g 
Jan 



<C \h\\Dh\ z dvolg + C \h\ A dvolg. 
Jn Jn 



Here, v denotes the outward-pointing unit normal vector to d£l with respect 

_ 2 _ 

to the metric g. Using the identity D i k f = —fg ik , we obtain 



(n - 1) tig{h) f dvolg - / g ik g> 1 (D k h 3 t - D t h jk ) d t f dvolg 
n Jn 



mi 



{tr I (h)d S7 f-h(V,Vf))dag = 0. 



Thus, we conclude that 



f (R g - n(n - 1) - (n - 1) \h\*) / dvolg + \ [ \Dh\ 2 f dvolg 
Jn 4 Jn 

+ \f \V(trg(h))\ 2 f dvolg -^ I tf'ffDihkpDthjqf dvolg 

- i (9 ik 9 ]l - 9 lk 9 jl ) (Dkhjt - Dthjk) dtf dvolg 
Jn 

+ / g %k g* 1 {D k h 3l - D h h jk ) g im V m f da- g 
Jan 

< C I \h\ \Dh\ 2 dvolg + C I | h\ 3 dvolg. 
Jn Jn 



From this, the assertion follows easily. 



In the remainder of this section, we will assume that h is divergence-free 
in the sense that g lk Dih k t = 0. 
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Proposition 7. Assume that h is divergence-free. Then 

I (R g - n(n - 1)) / dvolg + - I \Dh\ 2 f dvolg 
Jn 4 Jq 

+ \j I V(t % (/ l ))| 2 / dVOlg + \j^ \h%f dYOlg 

+ 1 [ Kg(h) 2 f dvolg + ] [ {^I + Zhiv^cbfdog 

2 Jn 4 Jan 

+ [ -g> l D k h 3l V k fdog:-\l g k > l g™ ' h kv D x h 3q ^ f dag 

Jan l Jan 

~ i W P 9 k h pq {D k h 3l - Dthjn) V k f dag 
Jan 



an 



t^hpgDkhj^fdaj 



<C \h\\Dh\ z dvolg + C / \h\ d dvolg + C / \h\ z \Dh\dag, 
Jn Jn Jan 

where C is a positive constant that depends only on n and c. 
Proof. Since g~ has constant sectional curvature 1, we have 

2 2 

Di,ihj q = D hi hj q + hi q g,ij — hi q g 3 i + hji g iq — hi 3 g\ q . 
Since h is divergence-free, it follows that 



9 l ° D i,i h jq = nhi q - tv-g(h) g l . 



This implies 



g ij g kl g pq h kp D l h :iq d l f dvolg- I tf* 9 kl 9 pq D t h kp D^f dvolg 



n Jn 

T^2 i /. t i / — k l —pq 



= [ 9 ij t l 9 Pq h kp D 2 a h 3q f dvolg - [ g kl t q h kp D t h jq T? f dag 

Jn Jan 

= n I \h%f dvolg - I tig(h) 2 f dvolg - f g kl g pq h kp D~ih jq v j f dag. 
Jn Jn Jan 

From this, we deduce that 



/ g lk W p t q h vq {D k h 3l - AM dif dvolg 
Jn 



1 

2./o 



2 J fj gkl JHDihkp Dthjq f dVOlg 



\ [g ik d k (\h\D fyf dvolg- \ [g ik gJVg l ih pq D l hj k d i fdvol g 

1 Jn l Jn 

\ J \h\ 2 f dvolg- Ij^aihf f dvol w 

\ I t l r q h kp Dih 3q vi fda-g. 
1 Jan 



8 S. BRENDLE AND F.C. MARQUES 

Integration by parts gives 



J -ik v 3Pfl hpg {Dkhjl _ Dlhjk) Q.f dvo{ _ 

Jn 

1 Jn 
= ~f \h\JAgfdv6Lg + ± I g ik gi p g lq h pq h jk Dydvol- 6 

+ \ I Hd?fd*g-± [ t k W P h pq h 3k d t fu^dag 
1 Jan l Jan 

^ j\H\if dVO\g~\ jtTg{h) 2 f dVOlg 

1 Jan 

( \h\lfdWO\g~\ [ tlg(hf f dVOlg 

Jn z Jn 



2 

1 

+ 



\f \h\lchfdcjg-\ f t lk -9 ]P h pq h 3k dif^da- g 
1 Jan l Jan 

I f g^g^hkpDthj^fdag. 

1 Jan 



Moreover, we have 



g ip g kq g jl V (D k h jt - D t h jk ) d t f dvoig 

n 

't^hpqdkitrgihfidifdvolg 

n 



fg iP g kq h pq tlg(h)D 2 k fdvO\g+ f fPhpgtTg^difVldag 

Jn Jan 

tVg(h) 2 fdVO\g+ f ^hpqtTg^difP'dag. 

Jan 



SCALAR CURVATURE RIGIDITY OF GEODESIC BALLS IN S n 9 

Putting these facts together, we obtain 

f giPgklgil h pq (D k hjl - Dlh jk ) 8J dvolj 

Jn 

+ I 9 ik g w 9 lq h pq {D k h j{ - Dthjk) dj dvolg 
Jn 

-\( 9 ij t l 9 pq Dih kp D t h jq f dvolg 
* Jn 

= — — / ^f dVOlg + ~ tlg(hf f dVOlg 

+ I I \h\grdvfdag-\l g ik Tf p hpq h jk difv* dag 

1 Jan l Jan 

+ I g ip h pq tT g -(h)d i fv<id<r g --l f g kl g pq h kp Dih jq ^fdag 
Jan l Jan 

2n — 1 f If 

= —j- ^gf dVOlg + ~ / tTg(h) 2 f dVOlg 

+ - - f (\h\l + ?>h(u,v) 2 )c\fdag-- 1 - / g kl g pq h kp Dih jq Vfdag. 
4 Jan * Jan 

Hence, the assertion follows from Proposition 

4. Analysis of the boundary terms 

In this section, we analyze the boundary terms in Proposition As 
in the previous section, we assume that ~g is the standard metric on S n , 
and O = {/ > c} centered at the north pole. Moreover, we consider a 
Riemannian metric on Q of the form g = g + h, where \h\-g < ^ at each point 
in 0. 

Proposition 8. Assume that h is divergence- free. Then 

/ g jl D k hji V k dag-- / g kl g pq h kp D l h jq u j dag- 
Jan z Jan 

- / -g iv i q h pq {D k hji -Dih jk )V k dag 
Jan 

- f g kq g jl h pq D k h 3l vv dag- 
Jan 

„ n—l 

= - / (i _ h(V,V)) V {2(D ea h)(e a ,V) - {D v h){e a ,e a )) dag 
Jan a=1 

+ / (l - - h(y, V)) h(V, V) Hg dag- 
Jan z 
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Here, {e a : 1 < a < n — 1} is a local orthonormal frame on dCl, and C is a 
positive constant that depends only on n and c. 

Proof. Let {e a : 1 < a < n — 1} be a local orthonormal frame on d£l. 
Since h is divergence-free, we have 

W l D k h jt V k -± g M 9 Pq h kp Dthj, T? 
- W P f q h pq (D k h 3l - Dih jk ) V k - g k « g> 1 h pq D k h jt u? 

n—l 

= _(i _ h(V,V)) Y, (2(D ea h)(e a ,V) - (D w h)(e a ,e a )) 

a=l 
_. n—l 1 n—l 

+ (1 --h(V,V)) Y,{D ea h){e a ,V) --Y,(De a h)(v,v)He a ,v) 

a=l a=l 

„ n—l n—l 

+ 2 E h(e a ,V)(D eb h)(e a ,e b ) - ^ h(e a ,u) (D ea h)(e b ,e b ). 

a, 6=1 a, 6=1 

At this point, we define a one-form u> on dQ by co(e a ) = (1— 2 h(v, V)) h(e a , v). 
Since dil is umbilic with respect to g, we have 

Dp V = Hae a , 

n-1 9 ' 

where Hg denotes the mean curvature of 9f2 with respect to the metric g. 
Using this relation, we obtain the following formula for the divergence of uj: 

n—l ., n—l 



div m (uj) = (l--h(V,V))^2(D ea h)(e a ,V)- - ^{D ea h){V,v) h(e 

a=l a=l 

_ (1 _ I fc( F) i7)) ^(T7,i7) ^ - — L_ J2 K^vf Hg. 

Moreover, we have the pointwise identities 



a=l 



n—l 

^2(D eb h)(e a ,e b ) = _ h(e a ,V) Hg 

6=1 



and 

n—l 



9 

V(D e »(e 6 ,e 6 ) = h(e a ,V) Hg. 

*— ' n — l 

6=1 
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Putting these facts together, we obtain 



gi l D k h fl V k - 1 - g kl g pq h kp Dth jq vi 



tPP tJi 



g™ g lq h pg {D k hji - D t h jk ) V K - g kq T h pq D k h jL V p 



n-l 



= -(1 - h(p,V)) Y, (2(D ea h)(e a ,u) - (D v h){e a ,e a )) 

0=1 

+ (l- - h(V,V)) h(u,u)Hj+ — — — Y h{e a ,V) 2 H w + div dn (u 



n-l 

l(n - 1) ^ 

y > a=l 

Therefore, the assertion follows from the divergence theorem 



Combining Proposition [8] and Proposition [5l we can draw the following 
conclusion: 

Corollary 9. If h is divergence- free, then we have 

[ (2-h(v,v))(H g -Hg)dag 
Jan 

- / g jl D k h jl V k da g -+- / g kl g pq h kp D~ih jq v j dag- 
Jan * Jan 

+ I g jp g lq h pq (Dkhji - Dthjk) V k dag 
Jan 

+ f g kq 9 jl h pq D k h j iV*' dag 
Jan 

+ -/ h(V,V) 2 Hgdag+ U / ^2h(e a ,u) 2 Hgda- 6 

4 Jan z \ n - -U Jan ~[ 

<C [ \h\ 2 \Dh\dag + C I |/i| 3 <%, 
Jan Jan 

where C is a positive constant that depends only on n and c. 
Proof. It follows from Proposition [5] that 

i (2 -h(u,u))(H g -Hg) dag- 
Jan 

,. „ n-l 

- / (h(V,V) - - h(V,V) 2 + ^2 h{e a ,V) 2 j Hgda-g 
Jan a=l 

,. n— 1 

+ / (1 - h(u,u)) V (2(D ea h)(e a ,u) - (D v h){e a ,e a )) da- ( 
Jan ^ 

<C [ \h\ 2 \Dh\dag + C J \h\ 3 dag. 
Jan ' Jan 



12 S. BRENDLE AND F.C. MARQUES 

Moreover, we have 

/ g jl D k hji V k daj-- / g kl 9 Pq h kp A h jq u j dag 
JdQ l JdQ 

- / g jp g lq hpgiDkhji -Dih jk )V k dag 
JdQ 

- / 9 kq 9 jl hpqDkhjiVP da-g- 

Jan 

„ n—l 

= - (i _ h(V,V)) V (2(D ea h)(ea,V) - {D v h){e a ,e a )) dag 
JdQ a=1 

+ / (l - - h(V, V)) h(V, V) Hgda-g 

JdQ l 

by Proposition [HJ Putting these facts together, the assertion follows. 

Theorem 10. Assume that h is divergence-free. Then 

[ (R g - n(n - 1)) / dvolj + f (2 - h(u, V)) (H g - H 7 ) f da 
Jq Jan 

+ - I \Dh\ 2 fdvo\g + - A I \V( tri (h))\ 2 fdvolg 
+ \f \h%fdvo\g + \ I trj(hf f dvolg 

+ / h{V,V) 2 c\f da-g + - I y2h(e a ,V) 2 d u fdag 

JdQ l JdQ a=1 

+ - f h(V,V) 2 Hgfdag + —^-— f Y, h (e a ,Ty) 2 Hgfda-g 

J Oil \ ) J Oil n -| 

< C f \h\ \Dh\ 2 dvolg + C I |/i| 3 dvolg 
Jq Jq 

+ C I \h\ 2 \Dh\dag + C I \h\ 3 dag. 
JdQ JdQ 

Here, C is a positive constant that depends only on n and c. 

Proof. Recall that / is constant along the boundary dfl. Hence, the 
assertion is a consequence of Proposition [7] and Corollary [9j 
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5. Proof of Theorem [3] 

To prove Theorem [3l we need an analogue of Ebin's slice theorem for 
manifolds with boundary [8] (see also [10]). The proof is standard, and 
works on any compact manifold with boundary. 

Proposition 11. Fix a real number p > n. If \\g — V\\w 2 'P(n,g) ^ s sufficiently 
small, we can find a diffeomorphism (p : Q — y Q such that <p\dCi = id and 
h = <p*(g) — g is divergence- free. Moreover, 



\w 2 >p(ci,g) < N\\g -g\\w 2 'P(n,g)i 
where N is a positive constant that depends only on fL 

Proof. Let ,y denote the space of symmetric two-tensors on Q of class 
W 2,p , and let ^ denote the space of Riemannian metrics on Q of class W 2,p . 
Moreover, let J%~ denote the space of vector fields of class W 3 ' p that vanish 
along the boundary <9Q, and let @ denote the space of all diffeomorphisms 
(p : Q — > ft of class W ,p satisfying (p\eci = id. Clearly, the tangent space to 
jtft at ~g can be identified with S?\ similarly, the tangent space to Qi at the 
identity can be identified with SC . 

There is a natural action 

A:$)Kjt^rJ{, (ip,g) -)■ (p*(g). 

Let us consider the linearization of A around the point (id, g). This gives a 
map L : T i( j£P — > Tj^. The map L sends a vector field £ G X to the Lie 
derivative SC^(g) G 5?. Standard elliptic regularity theory implies that 

5? = {^(g) : £ G X] {h G y : h is divergence-free} 

(compare [10J, p. 523). Hence, the assertion follows from the implicit func- 
tion theorem. 

We now complete the proof of Theorem [31 Let g be a Riemannian metric 
on the domain il = {/ > c} with the following properties: 

• R g > n(n — 1) at each point in Q. 

• H g > Hg at each point on d£l. 

• The metrics g and ~g induce the same metric on dQ. 

If \\g — ~g\\w 2 'P(n,g) is sufficiently small, Proposition [TT1 implies the existence 
of a diffeomorphism tp : Q, — > such that p\on = id and h = (p*(g) —g is 
divergence- free. 
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Note that Ru>*{g) > n ( n — 1) at each point in £1 and H^*^ > Hg at each 
point on dfl. Applying Theorem [TOl to the metric f*(g) = g + h, we obtain 

~ / \Dh\ 2 fdVOlg + ] [ \V (tl g(h))\ 2 f dVOlg 

4 Jn 4 JQ 

+ ll \k%fdYO\g + \ t tVg{hf f dvolg 

+ / h(V,v) 2 d^fdaj+- y"h{e a ,V) 2 d v fd(jg 
Jan l Jan a=1 

+ -f h(V,V) 2 Hgfda 1+ —^— f ^2h(e a ,V) 2 Hgfdag 

<C f \h\ \Dh\ 2 dvolg + C [ \h\ 3 dvolg 
Jn Jn 

+ C i \h\ 2 \Dh\dag + C I \h\ 3 dag. 
If we choose c > —A= , then 

— Vn+3 ' 

4 gJ UJ 4 |V/| ' "" 4 71^2 

at each point on dCl. This implies 

- f \Dh\ 2 f dVOlg + ^ f \V(tTg(h))\ 2 f dVOlg 
+ ^ / Nj/dVOl ? + \ f tVg(h) 2 f dVOlg 

< C I \h\ \Dh\ 2 dvolg + C J \h\ 3 dvolg 
Jn Jn 

+ C [ \h\ 2 \Dh\dag + C [ \h\ 3 daj. 
Jan Jan 

By the trace theorem, the error terms on the right hand side are bounded 

from above by C\\h\\ c nn,g) \\Hw^{Ci,gy Hence > if \\ h \\cHn,g) is sufficiently 

small, then h vanishes identically, and therefore </?*(<?) = g- This completes 

the proof of Theorem [3j 
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